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ABSTRACT A model is presented for the subthreshold polarization of a neuron by an applied electric field. It gives
insight into how morphological features of a neuron affect its polarizability. The neuronal model consists of one or more
extensively branched dendritic trees, a lumped somatic impedance, and a myelinated axon with nodes of Ranvier. The
dendritic trees branch according to the 3/2-power rule of Rall, so that each tree has an equivalent cylinder
representation. Equations for the membrane potential at the soma and at the nodes of Ranvier, given an arbitrary
specified external potential, are derived. The solutions determine the contributions made by the dendritic tree and the
axon to the net polarization at the soma. In the case of a spatially constant electric field, both the magnitude and sign of
the polarization depend on simple combinations of parameters describing the neuron. One important combination is
given by the ratio of internal resistances for longitudinal current spread along the dendritic tree trunk and along the
axon. A second is given by the ratio between the DC space constant for the dendritic tree trunk and the distance between
nodes of Ranvier in the axon. A third is given by the product of the electric field and the space constant for the trunk of
the dendritic tree. When a neuron with a straight axon is subjected to a constant field, the membrane potential decays
exponentially with distance from the soma. Thus, the soma seems to be a likely site for action potential initiation when
the field is strong enough to elicit suprathreshold polarization. In a simple example, the way in which orientation of the
various parts of the neuron affects its polarization is examined. When an axon with a bend is subjected to a spatially

constant field, polarization is focused at the bend, and this is another likely site for action potential initiation.

INTRODUCTION

Electrical stimulation of neurons is a powerful investigative
tool and has practical applications in the area of applied
neural control, which seeks to restore functionality to
impaired regions of the nervous system. Despite the ubiqui-
tous use of electrical stimulation there have been few basic
studies of the biophysics of the process. Ranck (1975)
provided a comprehensive review of the area up to that
time, and recently we have published (Chan and Nichol-
son, 1986) an experimental study of the interaction of
electric fields and neurons. This paper addresses theoreti-
cal problems.

The fundamental issue is how the electric field gener-
ated by the passage of a defined current through brain
tissue modulates the activity or neurons. The solution to
this problem will depend on the relationship between the
orientation of the applied field and the geometry of the
neuron.

At first sight it might seem that the local inhomogeneity
of the tissue or the increasingly evident nonlinearities of
neuronal membranes would complicated the problem to
such an extent that any general solution would be of little
utility. Fortunately our experiments indicate that, at least
for moderate field intensities, the modulation of neuronal
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activity is a relatively simple function of orientation of the
neuronal processes with respect to the applied field; with
this result in mind we set out to develop an appropriate
theoretical framework.

To solve the problem we needed to be able to compute
the membrane potential in various regions of a neuron
subjected to an applied field. When the morphology of the
dendritic tree is complex, the equations governing the
membrane potential must be solved numerically; but this
approach does not give immediate insight into how the
various physical parameters describing the neuron affect
the solution. We have avoided this problem by developing
analytic solutions for the membrane potential of an ideal-
ized neuron subjected to an applied field.

Our solutions have been derived from an application of
basic cable theory (see Rall, 1977, for a review) to the
dendritic tree. A novel feature is the inclusion of a myeli-
nated axon in the model. We discovered that the axon can
play a significant role in the polarization of the soma when
the whole neuron is exposed to an electric field. In certain
configurations the dendritic tree and the axon even make
antagonistic contributions to the polarization of the soma.

Our theoretical studies confirm and extend our experi-
mental findings that neuronal geometry is a crucial factor
in determining the response to applied electric fields.
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Selected regions of a neuron can be polarized by an
appropriately applied field and, in combination with intra-
cellular recording, this can provide a powerful tool for the
study of membrane properties (Chan et al., 1985). Finally,
the relation between electric fields and neuronal depolari-
zation is relevant to the present discussions of electric field
effects in epileptic activity (e.g., Jeffreys, 1981; Snow and
Dudek, 1984; Taylor et al., 1984; Traub et al., 1985). A
survey of the other literature is provided elsewhere (Chan
and Nicholson, 1986).

GLOSSARY

Terms for Dendritic Tree

Difference between physical internal voltage (potential)
and resting voltage at position x and time ¢ in the dendrite
(in volts).

v (x, 1)

I(x,t) Physical membrane current per unit length across the
dendritic membrane (in amperes per centimeter).

r Internal axial resistance per unit length of dendrite (in
ohms per centimeter).

r, r for the trunk of dendritic tree (in ohms per centimeter).

x Distance of a point in the dendritic tree from the soma as
measured along the dendrites (in centimeters).

t Time (in seconds).

u(x,t) Physical voltage external to dendrite (in volts).

v(x) Complex coefficient for voltage internal to dendrite when

the voltage fluctuates with a sinusoidal time course; v,(x, t)
= Re {v(x)e™"} (in volts).

u(x) Complex coefficient for voltage external to the dendrite;
u,(x, 1) = Refu(x)e™} (in volts).

I(x) Complex coefficient for current per unit length of dendritic
membrane; I(x, t) = Re{/(x)e™"} (in amperes per centime-

ter).

Admittance per unit area of dendritic membrane at fre-
quency f (in reciprocal ohms per square centimeter).

a Diameter of dendrite (in centimeters).

p Resistivity of cytoplasm (in ohm centimeters).

¢*(f) Ratio of admittance at frequency f to that at frequency
zero; ¢*(f) = Y(f)/Y(0) (dimensionless).

A DC exponential length constant (cable constant) for den-
drite; A\? = a/[4pY,] (in centimeters).

A X for the k™ generation of dendritic branch.

A X for the trunk of dendritic tree A, = A,.

X Dimensionless distance (measured in units of DC length
constants) of a point in the dendritic tree from the soma;
X = g(x), where g(x) = [ dy/A(p).

V(X) Complex coefficient for sinusoidally fluctuating internal
voltage for dendrite as a function of dimensionless distance
X. V(X) = o(x), where X = [* dy/A(y) (in volts).

U(Xx) Complex coefficient for external voltage corresponding to
V(X) above (in volts).

K, 2 Pair of superscripts denoting the generation and branch of a
dendrite V*® (X) is the internal voltage in generation k,
branch €, at position X. With symmetrical branching, £ = 0,
1,2,...2x— 1.

Xy Dimensionless distance from soma to branch point between

generations k and k + 1.

® (X) Average (over branches) of the complex coefficient for the
internal potential at position X in the kth generation (in
volts).

U (X) Average external potential corresponding to ¥® (X) above
(in volts).
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d Physical distance along the dendrites from the soma to the
terminus of the dendritic tree (in centimeters).
L Dimensionless distance corresponding to d; L =

K dynp). Zate

Sealed-end input impedance for dendritic tree. When cur-
rent | is injected at the origin of the dendritic tree with a
sealed end, the membrane potential {0) — T(0) = [ Zin%
results. Zi2%" — r\ /(q tanh gL). (in ohms) E,
Component of electric field oriented along the dendrite (in
volts per centimeter).

Terms for the Axon

vi(k,t) Difference between physical internal voltage and resting
voltage at node k in the axon at time ¢ (in volts).

u,(k, t) Physical external voltage corresponding to »,(k, t) above
(in volts).

u(k) Complex coefficient for internal voltage when it fluctuates
with a sinusoidal time course; »,(k, t) = Refu(k)e™} (in
volts).

u(k) Complex coefficient for external voltage corresponding to
v(k) abave (in volts).

Z Impedance of node of Ranvier (in chms).

R Axial internodal resistance (in ohms).

D Distance between nodes of Ranvier (in centimeters).

r, Axial resistance per unit length, R = r,D (in ohms per
centimeter).

¥ Exponential length constant for axon, defined by e¢?/* +
e~%7 -2 + R/Z (in centimeters).

v, (k) Complex coefficient for the internal potential at node k in
the sealed-end axon problem (in volts).

v(k) Complex coefficient for the internal potential at node k in
the current-injection axon problem (in volts).

Zinas Sealed-end input impedance of axon. When current [ is
injected at the origin of the axon with a sealed end, the
membrane potential 2(0) — u(0) = I Zi™* results. Zi** =
R/(1 — 727 (in ohms).

u External voltage difference between nodes for the spatially
constant electric field problem (in volts).

E, Component of electric field oriented along the axon (in

volts per centimeter).

Terms for Coupled Axon, Dendritic Tree,

and Soma
Z. ms Lumped impedance of the soma (in ohms).
a Coefficient of the sealed-end solution for the dendritic tree;
1 A
r\ (1 - e PP\ Zie p Zinden
1+ —|[———
Rg/\ tanh gL
B8 Coefficient of the sealed-end solution for the axon; 8 = | — a.
MODEL

We consider a neuron consisting of a soma, one or more
dendritic trees, and a myelinated axon with nodes of
Ranvier (Fig. 1 A). Each dendritic tree branches symmet-
rically. The diameters of the dendritic branches conform to
the 3/2-power rule of Rall (1962, 1977), so that the 3/2
power of the diameter of each daughter branch is equal to
half the 3/2 power of the diameter of the parent branch.
This rule makes the dendritic tree mathematically equiva-
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FIGURE 1 (A) Schematic diagram of a neuron consisting of a dendritic

tree, soma and myelinated axon with nodes of Ranvier. The dendritic tree
branches symmetrically. The generation of branching is indexed by k and
the branch within a generation is indexed by £, where = 0, 1, 2, ...,
2%_ 1. the descendents of branch k,Rare k + 1,22and k + 1,22 + 1. The
trunk is indexed by 0, 0. The diameters of the dendritic branches conform
to the 3/2-power rule of Rall, where the 3/2 power of the diameter of
each daughter branch is equal to half the 3/2 power of the diameter of the
parent branch. (This geometrical feature is not represented in the
diagram.) The myelinated axon is semi-infinite with a fixed distance D
between nodes. The nodes are indexed by k' = 1, 2, 3, ... . the soma
designated by k&’ = 0 is modeled as a lumped impedance (distinct from the
nodal impedance). (B) The dendritic tree in Fig. 1 A is replaced by its
equivalent cylinder. For the purposes of computing the membrane
potential at the soma and nodes of Ranvier, the simple neuron in Fig. 1 B
is equvalent to that in Fig. 1 A.

lent to a cylinder (Fig. 1 B) under appropriate conditions.
Although actual neurons can deviate from this geometry,
this simplification is widely used because it is a good
approximation and it makes analytic solutions feasible. We
assume that the dendritic membrane is uniform through-
out the tree. The dendritic membrane may have nonlinear
time- and voltage-dependent conductance mechanisms,
but we examine only the linear regime of the neuron. To do
this the electrical properties of both the dendritic and
axonal membranes are modeled with phenomenological
impedances that result from linearizing the equations
governing the time dependence of the membrane voltage.
These equations describe the behavior of the neuron when
perturbations of its resting membrane potential are small,
as is the case before generation of action potentials.
Moreover, recent experimental studies (Chan and Nichol-
son, 1986) suggest that, at low applied fields, spikes are
generated in the vicinity of the soma and dendritic proper-
ties remain passive. The soma is idealized as a point with a
lumped impedance. For the axon we assume that the nodes
of Ranvier are evenly spaced, and that the myelin sheath is
a perfect insulator. In Appendix B an axon with a leaky
myelin sheath is treated. We assume that the axon is long
compared to the distance over which signals spread by
passive electrotonic conduction (i.e., a semi-infinite axon).
The neural tissue in which the neuron is embedded is
approximated as a bulk conductor of uniform conductivity
in which the neuron does not distort the applied electric

field. This allows us to calculate the external potential at
each point of the neuron.

THEORY

Outline of Solution Method

To determine the internal potential at the soma when the
neuron is subjected to an applied electric field, given the
linearity of the system, it is sufficient to solve for the
average (over branches) internal potential at a distance x
(measured along the tree) from the soma. The average
internal potential at x = 0 is the internal potential itself at
the soma. The equations take a particularly simple form
when the tree branches symmetrically according to the 3/2
power rule of Rall and when distance from the soma is
measured in appropriate dimensionless units. Averaging
reduces the system of differential equations and boundary
conditions for the various branch generations to a single
differential equation with only two boundary conditions
(Rall, 1962, 1977; Rall and Rinzel, 1973; Peskin, 1976).
This equation is the cable equation corresponding to a
single unbranched dendrite with a given external potential,
i.e., the “equivalent cylinder” problem. Note that the
external potential in this problem also transforms and
bears a simple relationship to the specified external poten-
tial in the original problem. This ensures that the simpli-
fied cable model represents the original problem.

A complication is that the dendritic tree is coupled to an
axon. The full solution to the problem can be obtained by
solving two simpler problems for the dendritic tree and two
simpler problems for the axon and then combining these
solutions. One simpler problem for the equivalent cylinder
is obtained by replacing the boundary condition at the
soma in the original problem with a sealed-end boundary
condition (sealed-end solution). The other simpler problem
for the equivalent cylinder is obtained by specifying an
axial current at the origin of the equivalent cylinder and by
specifying the external potential to be zero everywhere
(““current-injection solution™). A linear combination of the
solutions to these two problems satisfies the differential
equation and boundary conditions of the original problem
(Coddington, 1961; Rall and Rinzell, 1973). Similar meth-
ods are used for the axon.

Equations for the Dendritic Tree

As a consequence of Ohm’s law and the principle of current
conservation, the internal potential at each point in the
dendritic tree satisfies the cable equation

s =l 1)
X

where v, is the internal potential, x is the distance from the
soma, I, is the membrane current per unit length, and r is
the (internal) axial resistance per unit length, which
depends on the diameter of the dendritic branch.
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We assume that the applied electric field is modulated
with a sinusoidal time course. There are two motivations
for this. First, because of linearity, one can use the
solutions for sinusoidally modulated fields to construct the
solution for an electric field modulated with an arbitrary
waveform. Second, low-frequency electric fields modu-
lated with a sinusoidal time course at low frequencies have
been used experimentally (Chan and Nicholson, 1986;
Bawin et al., 1986).

For the sinusoidal case, the external potential v, is of the
form

u,(x, 1) = Refu(x)e?}, 2

where f'is the frequency in Hz. The linearity of the problem
ensures that the internal potential v, and membrane cur-
rent /, will also vary with a sinusoidal time course:

uy(x, t) = Relo(x)e™} 3)
Ii(x,t) = Re{l(x)e"'/'}. “4)

Eqgs. 2-4 allow us to rewrite the cable equation (Eq. 1) in
the form

d2

d—x”z —rl (5)
Eq. 5 holds for each branch of each dendritic tree. The
current per unit length of dendrite /, is related to the

voltage difference across the membrane by Ohm’s law
I =maY (v - u), (6)

where a is the diameter of the dendrite and VY is the
admittance per unit area of dendritic membrane (a func-
tion of frequence /). Combining Eqgs. 5 and 6 gives

d2

d—x”z = rraY¥ (v — u). (7
The resistance per unit length of cable, » is given by r =
4p/(ma?), where p is the resistivity of cytoplasm, so Eq. 17
becomes

d 4

§=7Y(u—u). (8)
Now we define the dimensionless quantity g( f) such that
Y(f) = ¢*(f)Y,, where Y, = Y(0). Then Eq. 8 becomes

d% 4
- (;” Yo) g% (v — u). ©®

If we define the DC length constant A by A = a/[4pY,],
then Eq. 9 can be rewritten

Ad2y

?W—u——-—u. (10)

Eq. 10 holds in each branch of each generation of the
dendritic tree. (The trunk is defined as generation zero and
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the daughter branches as generation 1, and so on.) All
branches of a given generation have the same value A, but it
varies from generation to generation because it depends on
the diameter of the dendritic branch.

Following Rall (1962, 1977), we define a dimensionless
length X by

x dy
X=g(x)=[ YOOR (11)

(It is worth noting that A(y) is a constant for y-values
corresponding to a particular generation of dendritic
branches.) Then we define external and internal potentials,
as functions of this new variable X, by

U(X) = u(x) (12)
and
V(X) = v(x), (13)

where X = g(x) is given by Eq. 11.
Then Egs. 11, 12, and 13, together with Eq. 10, give

1 dv
byl V--U. (14)
There is one equation of the form of Eq. 14 for each branch
of each generation of each tree.

We will consider a neuron with only one dendritic tree
with symmetrical branching structure. In Appendix C the
more general case where the neuron has several trees,
possibly different in branching structure, is considered. Let
us index the generation of branching by the integer k. For
the trunk k = O; the daughter branches have index k = 1,
etc. Let us index the branches within a generation by the
integer 2, where 2 = 0, 1, 2, ..., 2¥ — 1. In this method of
indexing (Peskin, 1976), the descendents of branch &, ¢
willbe kK + 1,22 and k + 1, 22 + 1 as indicated in Fig. 1.

If we denote the internal potential V in the branch with
indices k and 2 by ¥*® and the corresponding external
potential by U*®, Eq. 14 gives

1 d? V(lt,ﬁ)

7 yen -y, (15)

At each branch point there is a boundary condition that
stems from the principle of current conservation: The axial
current flowing from a parent branch into a branch point
must equal the sum of the axial currents flowing away
from the branch point in the daughter branches. There-
fore

avl(lk + 1,22+ 1)

1 3t 1 ‘605"" 1.20)

= o + o ] (16a)

r, ox Iy

This boundary condition in terms of our transformed
voltage and distance reads

k2)

(ak)m v

=(ak+1)”2l

dV-(k + 1,29) dV-(k +1,22+1)
@ T ax |
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at

X =X (16b)

where a, is the diameter of the dendrite in the k™ genera-
tion, and X, is the (dimensionless) distance from the soma
to a branch point between generation k and generation
k+ 1.

Following the strategy outlined earlier, we will now
obtain an equation for the average (over branches indexed
by #) of the internal potential ¥*? at a distance X from
the soma in the k* generation. If we denote this average
internal potential by ¥ *" and the average external poten-
tial by U™, then by the definition of average

2*_1

Ve (x) = % Y ved(x) (17)
2-0
and
— ?*_|
Uvx) = -217 3 U*Ox). (18)
=0
Eqs. 17 and 18 together with Eq. 15 give
2¢7(k)
%dd; A 1 (19)

If Eq. 16 is similarly averaged over £, we obtain

dy® dik+o
(ak)gﬁw=2(ak+l)3/2 o

at X = X,. (20)
According to the 3/2-power rule of Rall, (a,,,)** =
(1/2)(a,)*”. In this case, Eq. 20 becomes

dl_/(k) dl7(k+l)
dx = dx

at X = X,. (21)

Eq. 21 merely states that the first derivative of the
potential ¥ is continuous across branch points. Since we
already know that V itself is continuous across branch
points, the branch points can be regarded as points internal
to a larger domain: the domain of X = 0 to X =

ﬁj dy/M(y) = L, where d is the physical distance of the

terminus of the dendritic tree from the soma. Thus, the

superscript in Eq. 19 can be dropped to give
1V
? i V=-U (22)

Eq. 22 applies to the domain X = 0 to X = L. Now there are
only two boundary conditions; one stems from the sealed
end condition at each terminal branch of each tree:

¥ G amx-L (23)
——=4U, a =L,
dx

the other comes from current conservation at the soma and
will be discussed later.
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FIGURE 2 Equivalent circuit for the myelinated axon depicted in Fig. 1.
The internal potential at node k' is denoted by (k). The special case of
k' = O corresponds to the soma. The external potential for node k’ is
denoted by u(k’). The internodal (internal) axial resistance is labeled R.
The transmembrane nodal impedance is labeled Z. The myelin sheath is
assumed to be a perfect insulator, so that the only path for membrane
current is at the nodes.

Equations for the Axon

Fig. 2 depicts the equivalent circuit of our myelinated axon
model, isolated from the rest of the neuron; the interaction
of axon with dendritic tree will be considered later.

As in the dendritic tree problem, we assume that the
external potential is modulated with a sinusoidal time
course. Thus, the internal potential at the kth node (%, ¢)
is of the form

vi(k, t) = Re {u(k) e}, (24)
and the external potential at the kth node, u,(k, t), is
u,(k, 1) = Re {u(k) e}, 25)

In analogy with Eq. 10 for the dendrite, the difference
equation for the internal potential in the axon is

%{u(k — 1) = 20(k) + v(k + D} — v(k) = —u(k),

fork=1,2,3,..., (26)

where Z is the impedance of the node, and R is the
internodal resistance (see BeMent and Rank, 1969).

Solution for Coupled Axon and
Dendritic Tree

The solution for the full neuron problem must satisfy the
principle of current conservation at the soma. That is, the
total current flowing from the soma into the dendritic
trees, the current flowing from the soma into the axon, and
the current flowing across the soma membrane must sum
to zero. In our model the soma is a point with a lumped
impedance. This gives the boundary condition

0) — T(0) . 2(0) — (1)
Z s R B
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The problem of determining the membrane potential at
the soma of the neuron and at the nodes of Ranvier
amounts to solving Eq. 19 and Eq. 26 simultaneously with
one boundary condition given by Eq. 23 and another
boundary condition given by Eq. 27.

The solution for the average internal potential M(X) in
the dendritic tree can be expressed as a linear combination
of two solutions: one is the solution ¥(X) to the equivalent
cylinder problem with external potential U(X) and with a
sealed end boundary condition at the soma end; the other is
the solution V4(X) to the equivalent cylinder problem with
external potential equal to zero everywhere and with a
specified current injected at the soma end. That is to say,
V,.(X) is the solution to

1dv - -

—2—2—V= —U, 0<X<L (28)

q

dv

a=0, at X = Landat X = 0. (29)

V.(X) is the solution to

1 dv  _

?W_V=O’ O0<X<L (30)
dv
— -0, atX=1L 31
% a (€10
dv
a=—1, atX =0, (32)

where the right-hand side of Eq. 32 has been chosen as —1
for simplicity.

Analogously, the solution to the original axon problem
can be written as a linear combination of solutions to two
other problems. Let us define v, (k) as the solution to

l—i{u(k — 1) = 2u(k) + v(k + D} = v(k) = —u(k),
fork=1,2,3,... (33)
o(1) — (0) = 0. (34)

Let us define v4(k) as the solution to
Z
7 ok = 1) = 20(k) + o(k + D} — (k) =0 (35)

v(1) — »(0) = —1. (36)

As shown in the Appendix A,

— q X =
Ve(X) = sinh gL cosh [¢(X — L)] fo cosh ¢X' U(X') dX’
L —
+ cosh gX L cosh [g(X’ — L)) (x")dx'p (37)
1144

and

Fax - < aX = DI (38)
g sinh gL
The analogous two solutions for the axon problem (see
Appendix A) are

R

— —l -kDfvy
z) 2sinh (/) |“1

Use(k) = (

+ 30 () eI 4 (i + 1) e® oL (39)

j=1
and

e—kD/v

vi(k) = T_eon° (40)

where 1 is defined by e”” + ¢ %" =2 + R/Z.

The solution M(X) for the average (over branches)
internal potential in the dendritic tree coupled to the axon,
and the solution (k) for the internal potential at the kth
node in the axon coupled to the dendritic tree can be
written

V(X) = Vil X) + A Vg(X) (41)
and
v(k) = v (k) + Buvgy(k). (42)

The constants 4 and B can now be found by solving the
following two equations:

»(0) = 10), (43)

together with Eq. 27. These represent continuity of poten-
tial and current conservation at the soma, respectively.

Let us consider the case where there is no leakage of
current across the soma (i.e., the impedance of the soma is
large compared to the input impedance of the dendritic
tree and axon). The case of a leaky soma is considered in
Appendix D. In the case considered here Eqs. 4144 give

_ gltanh gL][5,(0) — 7(0)]

R tanh gL
q anh g

1 | —| ————
(r,)\,)(l — e‘D"’)

(44)

and

(1 — ™M) [¥,(0) — 2,(0)]
Rq/\ tanh gL

Thus, Eqs. 37-42, 44, and 45 provide the general

solution to the average (over branches) internal potential in

the dendritic tree and the internal potential at the nodes of

Ranvier in the axon when the neuron is subjected to a
specified external potential.

B = (45)
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APPLICATIONS

Polarization at the Soma

Because the soma is a site at which initiation of action
potentials usually occurs, we will examine the potential
there. When Eq. 41 is evaluated at X = 0, with A given by
Eq. 44, one finds that 0) is a linear combination
(weighted average) of the sealed-end solutions for the
dendritic tree and the axon

(0) = a V(0) + Bu (0), (46)
where
i Zin‘u
a= P — 47
4 n_}\‘ 1 — C—D/'y Z;:'“ + Z:.dcn ( )
R, /\ tanh gL
and
1 Zin.den
B=1-a-= . -
- ﬁ tanh gL Zo™ + 24
A\ — e O

and where Z™4" and Zi™%" are the sealed-end input
impedances of the dendritic tree and axon, respectively.
Note that, because the coefficients of V,(0) and z,,(0) in
Eq. 46 sum to 1, the net internal potential (0) lies between
V.(0) and 2.(0).
__ It is the transmembrane potential at the soma, o) —
U(0), which is of physiological significance. If we use Eq.
46 for 1(0), then the membrane potential at the soma can
be expressed as

N0) — U(0) = a[V(0) — T(0)] + Bluu(0) — u(0)], (49)

where we have made use of the facts that U(0) = u(0), o +
B =1, and U(0) = al(0) + Bu(0). Eq. 49 says that the
membrane potential at the soma in the intact neuron is a
weighted average of two hypothetical membrane poten-
tials, one corresponding to the neuron without an axon and
the other to the neuron without the dendritic tree. In other
words, the actual membrane polarization at the soma lies
somewhere between that polarization obtained at the soma
when the axon is cut off and the end is sealed and that
polarization obtained at the soma when the dendritic tree is
cut off and the end is sealed.

In certain limiting cases, the polarization at the soma is
contributed entirely by either the axon or the dendritic
tree. For example, in one limit, (Z*** » Z2%") where the
input impedance of the axon is much greater than that of
the dendritic tree, 8 (Eq. 48) approaches zero and «
approaches 1. That is, the polarization at the soma is
contributed entirely by the dendritic tree. If, on the other
hand, Zind 5 Zin** then « (Eq. 47) approaches zero, and
8 approaches 1. Then the polarization at the soma is
contributed entirely by the axon.

Polarization at the Nodes of Ranvier

Eqs. 42, 40, and 45 lead to the conclusion that the internal
potential at the nodes of Ranvier in the intact neuron is
given by the sum of two terms. One term is the sealed-end
solution for the axon and another term that decays expo-
nentially from the soma

(k) = vo(k) + a[V,e(0) — v,(0)] €77, (50)
where « is defined as in Eq. 48.

Spatially Uniform Applied Electric Fields
and Straight Axons

In the remainder of this paper dealing with implications of
the theoretical results above, we will focus attention on
applied electric fields that are constant over space at each
instant in time. This is the type of stimulus used in the
experimental study of Chan and Nicholson (1986). The
case where the axon is straight is particularly easy to
analyze, because, in this case, the external potential at the
kth node is given by u(k) = u(0) + ku. The constant g is
the external potential difference between nodes and is
given by u = —E,D, where E, is the component of the
electric field parallel to the axon (in the direction from
soma to node 1), and D is the distance between nodes. The
membrane potential at the kth node, v(k) — u(k), takes
the simple form (see Appendix A)

(k) — u(k) = [a[Vu(O) — o)) + 5(%7/_7» 401 (51)

Because the term u/(1 — e/) is the membrane
potential at the soma in the sealed end axon problem, Eq.
51 has a simple interpretation: The membrane potential at
the kth node in the intact neuron is the membrane potential
at the soma (the term in curly brackets) attenuated by a
factor of e %P/,

An important implication of Eq. 51 is that the magni-
tude of the membrane potential in the semi-infinite axon is
greatest at the soma and decreases exponentially with
distance from the soma.

Site of Action Potential Initiation

If membrane polarization is sufficient to initiate an action
potential in the axon-soma system, it seems plausible that
the site of initiation is that which experiences the greatest
polarization, i.e., the soma. Therefore, from Eq. 51 it
appears that the threshold level for action potential initia-
tion will first be reached at the soma when straight axons
are subjected to (spatially) constant electric fields.

Interplay of Axon and Dendritic Tree:
Soma Polarization

To consider selective modulation of the activity of specific
morphological types of neurons, we need to know the
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relative contributions to the net polarization at the soma
made by the dendritic tree and by the axon. Whether the
axon and dendritic tree make antagonistic or synergistic
contributions will be determined in part by the geometry of
the neuron, and the sign of the net polarization will be
determined by the weights with which the sealed-end
solutions for the axon and dendritic tree are combined. Eq.
51 has several interesting implications with respect to these
questions. According to Eq. 51 the membrane potential at
the soma »(0) — u(0) is given by

2(0) - u(0) - al7,(0) - T(O)} + 13[1—:-%-7,7-] (52)

Eq. 52 can be worked into another form by algebraic

manipulations that use the definition of «, and the facts
that3 =1 —aand u = —E,D:

2(0) — u(0) = a[[Vu(O) - o))
T A, ]
el o

inden

v(0) — u(0) = al[V,,(O) - U0)] - [(z‘; )E. ] (54)

or equivalently

where r, is the internal resistance per unit length of axon
cylinder (i.e., R = r,D). The first term in square brackets
in Eq. 54 is the sealed-end membrane potential for the
dendritic tree. The second term in square brackets is
contributed by the axon; its magnitude increases with E,,
and increases with the ratio of the (sealed-end) input
impedance of the dendritic tree to the axial resistance of
the axons.

Heuristic Example with Semi-infinite
Unbranched Dendrite

It is instructive to look at a simple case where the dendritic
tree is simply a single unbranched dendrite of infinite
length. In this case the solution for V,(0) can be easily
obtained by carrying out the integration in Eq. 37. One
finds the well known result that V,(0) — U(0) =
—(A\/q)E4, where E4is the component of the field oriented
along the dendrite (Rank, 1975). Therefore, because
tanh gL — 1 as L — «, Eq. 53 gives

2(0) — u(0) = —a ()L) [Ed + (’—) E,]. (55)
q r

The soma membrane potential is proportional to the sum of
two terms: one is the component of the electric field
oriented along the dendrite, and the other is the component
of the field oriented along the axon but weighted by a
factor of r,/r,. When the axon and dendrite form a single
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straight line, E,, = —Eg4, and

2(0) — u(0) = —a E, (%)[1 - ﬁ]. (56)

a

Consequently, the sign of the soma membrane potential is
simply determined by whether »,/r, > 1 or r,/r, < 1.

Finite Unbranched Dendrite

When the unbranched dendrite is finite in length, the net
soma polarization is determined in part by the length of the
dendrite. The solution for V,(0) can be found again by
integrating Eq. 37 to give

7.(0) - T0) - —(ﬁ Ed) [M] (57)
q sinh gL

another well-known result (Sten-Knudsen, 1960; Rank,
1963, 1975). Eq. 53 in combination with Eq. 57 gives

v(0) - u(0) = —a (ﬁ)
q

coshgqL — 1 1 r,
) ” sinh gL JE" + [tanh qL] (r_,) E‘]' (58)

Eq. 58 is similar to Eq. 55; both terms in square brackets
approach 1 as L approaches «, and in the limit L — « Eq.
58 becomes identical to Eq. 55. As the length of the
dendrite increases from zero to o, the first term in square
brackets in Eq. 58 increases from zero to 1, and the second
term in square brackets decreases from o« to 1. (The
right-hand side of Eq. 58 remains bounded because the
coefficient o that multiplies the terms in curly brackets
approaches zero as L approaches zero.)

When the length of the dendrite is small compared to the
length constant A\, (L « 1), the soma membrane potential is
approximated by

o0) ~ u©) = —[%] [(qL)’ (:—) Eo+ E.l, (59)

provided that r, is of the same order of magnitude as R.
Eq. 59 shows that the contribution made by the dendrite to
the net soma polarization depends quadratically on the
length of the dendrite when the length is small.

To get a better qualitative idea of how the length of the
dendrite affects the soma membrane potential, we consider
the situation where the dendrite and axon are oriented
along a single straight line. Fig. 3 is a plot of the soma
membrane potential versus the electrotonic length L of
dendrite.

All computations in Fig. 3 were for a DC stimulus (or
one of sufficiently low frequency such that g ~ 1). The
combination of parameters — Ey - A, the sealed-end mem-
brane potential at the soma end in the semi-infinite
dendrite, was set equal to 1 mV. We have assumed,
arbitrarily, that e/, the internodal signal attenuation
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0 5
dendrite length L

FIGURE 3 The soma membrane potential for a neuron subjected to a
constant field for various dendrite/axon geometries. The neuron has a
“dendritic tree” consisting of a single unbranched dendrite of finite length
L. The dendrite and axon form a single straight line, and the field is
oriented parallel to this line as in Fig. 1 B. Panels A, B, and C plot the
soma membrane potential as a function of electrotonic length of the
dendrite L, for different ratios of r, and r,, where r, is the internal
resistance per unit length of dendrite, and r, is the corresponding
resistance for the axon. Each panel contains three curves corresponding to
three different ratios of the DC cable (length) constant of the dendrite X,
and the internodal spacing for the axon D: A/D = 1 (upper curve),
A/D = 1/2 (middle), \,/D = 1/10 (lower). (Note that the sequence of
curves reverses order with increasing L in B.) (A) r/r, = |. (B) r fry =
1/4.(C) r,/r, = 4. Negative ordinates indicate hyperpolarization relative
to the resting level, positive values, depolarization. For r,/r, ~ 1, as in A4,
the soma is always hyperpolarized for a short length of dendrite, but the
resting membrane potential is unperturbed by the field when the dendrite
is long. For r/r, < 1, as in B, the soma is hyperpolarized for short
dendrites and depolarized for long dendrites. For r,/r, > 1, as in C, the
soma is always hyperpolarized regardless of the length of dendrite.

factor, is equal to '4. In Fig. 3 A the axial resistances of
dendrite and axon are equal (r = r,); the three curves
correspond to different ratios A,/D as indicated by the
labels on the curves. When r, = r,, and E4 < 0, the soma is
hyperpolarized for any finite length of dendrite. As L — o,
the soma membrane potential approaches zero.

In Fig. 3 B, r, < r,; the soma is hyperpolarized for a short
length of dendrite, and, for a sufficiently long dendrite, the
soma is depolarized.

In Fig. 3 C, r, > r,, and the soma is hyperpolarized for all
lengths of dendrite.

ORIENTATION EFFECTS

When a neuron is subjected to a (spatially) constant
electric field, the net soma polarization is determined in
part by the orientation with respect to the field of the
various dendritic branches and the axon. Here we consider
a simple example where the dendritic tree is Y-shaped with
a trunk and two daughter branches (Fig. 4). The trunk is
oriented at an angle 6, with respect to the electric field E,
and the daughter branches are oriented at angles 8, and
—8, with respect to the trunk. The physical length of the
trunk is Lg\y, and the physical length of each daughter
branch is L,\,. (Note that A\, = 2> X, and that X, is
equivalent to A,.) The axon is oriented at an angle ¢ with
respect to E.

The first step in the solution of this problem is to find the
sealed end membrane potentials for the dendritic tree and
the axon. The sealed end membrane potential for the
dendritic tree evaluated at the soma is given by (see

trunk of dendritic tree

axon

FIGURE 4 Orientation effects. A neuron with a simple dendritic tree is
depicted. There is only one generation of branching, and the tree is
Y-shaped. The field E is oriented at an angle 6, with respect to the trunk
of the dendritic tree. The daughter branches branch at an angle 8, with
respect to the trunk. The field is oriented at an angle ¢ with respect to the
axon. The equation for the membrane potential at the soma for the neuron
is given by Eq. 61 in the text. Fig. 5 shows how the soma membrane
potential depends on the branching angle 8,.
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Appendix A)

q | sinh gL
- {cos 8, (cosh qL — cosh gL,)
+ 27" (cos 8, cos 8,) [cosh gL, — 1]}, (60)

V..(0) — U(0) - —E(A—i) :

where L = L, + L,.
Eq. 60 with Eq. 53 gives the solution for the soma
membrane potential in the intact neuron

v(0) — u(0) = -—aE(ﬁ)[

[cos 8,(cosh gL — cosh gL,)

q ||sinh gL

+ 27'(cos 8, cos 6,) (cosh gL, — 1)]

7t cos 6 — (61)
* r, €08 tanh gL |

The relative magnitudes of the various terms in Eq. 61
are more apparent when the term sinh gL is factored out of
the curly brackets to give

2(0) — u(0) =

sinh gL \ g
+ 27Y3(cos 8, cos 8,) (cosh gL, — 1)

—aE [\
x (—') (cos 8,(cosh gL — cosh gL,)

+ (ﬁ) cos 8 cosh qu. (62)
The first, second and third terms in curly brackets in Eq.
62 are contributed by the dendritic tree trunk, the
branches, and the axon, respectively.

For the sake of estimating the contribution of the
dendritic tree (whose total electronic length is L) toward
the soma membrane potential it is interesting to note that it
can be no greater than the contribution made by a single
unbranched dendrite (of length L) oriented in the direction
of the field.

Fig. 5 shows how the soma membrane potentials for
different ratios of A to D, for the neuron in Fig. 4, depends
on the angle the daughter dendritic branches make with
respect to the electric field.

Neurons with Bent Axons

In the foregoing examples of all the axons were straight
with no bends. Because many neurons do not have such
axons, it is worthwhile to investigate other axon geometries
where the analytic solutions are still relatively easy to
obtain. The case where the axon is piecewise straight with
one bend at a node of Ranvier is only somewhat more
difficult than the straight axon case. The complete solution
to this problem (still for spatially constant electric field) is
provided in Appendix A.

We present the solution for the soma membrane poten-
tial in an idealized example (Fig. 6) where the dendritic
tree is comprised of a single, unbranched dendrite finite in
length. The axon has a bend at node M. The component of
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ation (mV)

olariz

branch angle (f5)

FIGURE 5 Orientation effects. The soma membrane potential for the
neuron depicted in Fig. 4 is plotted as a function of the branching angle 6,.
In this case the trunk and axon are both oriented parallel to the field E
(8, = 180°; ¢ = 0). Curves a, b, ¢ correspond toA /D = 1/10,1/2,and 1,
respectively. This figure demonstrates how, for a given field, a neuron can
be hyperpolarized or depolarized at the soma, depending on the geometry
of dendritic branching. The parameters in Eq. 61 were chosen as follows:
—Ex=1mV;L=4;L,=35e""=0.5.

the field oriented along the axon between the soma and
node M is denoted E, , and the component along the rest of
the axon is £,. As in previous examples, the field compo-
nent oriented alcng the dendrite is denoted E,. For this
problem the membrane potential at the soma for the
sealed-end axon problem is given by

v,(0) — u(0) — 1 {E,, + e ™PI"(E, — E,)}. (63)

_e D/

«—>Ea,
| \/ :,;-‘—,
[ | F:‘iO
.
| | dendrite
|
|
soma
g/
Regian Node M

ik :

FIGURE 6 Axon with a bend. As shown in the text, polarization can be
focused at the bend if the discontinuity in the component of the field
oriented along the axon is sufficiently great at the bend. Thus, a bend,
such as that labeled node M, is another likely site for action potential
initiation when a neuron is subjected to a spatially constant electric field.
The equation for the soma membrane potential for the neuron depicted
here is given by Eq. 64 in the text.
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Interestingly, a great deal of the soma polarization that
is contributed by the axon is contributed by the segment
between the soma and node 1. To see this, let us look first at
the case where the bend is put at M = « so that it is as if the
axon has no bend at all. In this case the sealed-end soma
membrane potential is equal to —DE, /(1 — e~2/7). Now
let us look at the situation where the bend is at node 1, and
the electric field E, along the bulk of the axon is equal to
zero, and the sealed-end soma membrane potential is equal
to —DE, . The membrane potentials for these two situa-
tions differ only by a factor of 1/(1 — e~2/"). This factor is
equal to 2 if the internodal signal attenuation factors,
e 2", is equal to .

The soma membrane potential for the intact neuron
depicted in Fig. 6 is given by

AV ||coshgL — 1
U(O) - U(O) = —a(;)[[m] Ed

(:—:)[E,o+ e MI(E, — E,)]

. (64)

1
+ [tanh qL

Action Potential Initiation at a Bend

A straight axon subjected to a constant electric field
suffers the greatest polarization at the soma end. If the
axon has a bend, however, the polarization at the bend can
be greater than that at nearby nodes on either side of it,
and the polarization may be great enough to initiate an
action potential at the bend.

The simplest example to consider, to get a qualitative
idea of the importance of the bend, is the situation in which
the bend is many nodes from the soma end. In this case
(according to the solution in Appendix A) the membrane
potential falls off exponentially with node number for
nodes on one side of the bend and approximately exponen-
tially for nodes on the other (soma) side of the bend. The
membrane potential at the bend w(M) is approximately
given by

e Div

w(M) = (E-o - Etl)D (1 + 6‘0/7)(1 _ e—D/'r) -

(65)

If, for example, the internodal signal attentuation factor
e %/ is equal to ', then w(M) ~(2/3)(E,, — E, )D.

DISCUSSION

Assumptions of the Model

The dendritic tree was idealized in two ways. The tree
branched symmetrically and the diameter of each daugh-
ter branch was related to that of the parent branch by the
3/2-power rule of Rall. A great simplification in this
problem was achieved by noting that, for the purpose of
determining the membrane potential at the soma and at
the nodes of Ranvier, it is not necessary to solve for the
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membrane potential at every point in the dendritic tree.
Rather, it suffices to solve for the average (over branches)
of the membrane potential at each electronic distance X
from the soma. The membrane potential at a given position
X in the equivalent cylinder can be interpreted as the
average of the membrane potential for all points in the
dendritic tree that are a distance X from the soma.

Because our model is linear, it makes predictions only
about membrane polarization for the subthreshold behav-
ior of the neuron. At least in cerebellar Purkinje cells,
nonlinear dendritic conductances (calcium spikes) only
seem to be activated at levels of depolarization that
significantly exceed those necessary to generate somatic
sodium-mediated action potentials (Chan et al., 1985).

We have assumed that the myelin sheath of the axonis a
perfect insulator so that no current crosses the internodal
membrane. This approximation may be inadequate (Bar-
rett and Barrett, 1982; Funch and Faber, 1984; Blight,
1985), at least for certain neurons. The problem of an axon
with a leaky myelin sheath is somewhat more complicated
and is treated in Appendix B.

We have approximated the neural tissue, in which the
neuron is embedded, as a bulk conductor of uniform
conductivity. This approximation describes accurately the
voltage one measures with a large-tipped microelectrode,
as it is advanced through brain tissue, when an electric
field is extrinsically applied (Chan and Nicholson, 1986).
The neuron is assumed not to distort the applied field. This
amounts to saying that the potential on the surface of the
neuron is the same as that measured with the nearby
electrode. The utility of the approximation is that it allows
one to determine the external potential at a point on the
neuron just by knowing its position, the macroscopic
electric field, and the bulk impedance of the tissue. It is
possible, although unlikely, that the external potential on
the surface of the neuron differs significantly from the
potential measured with a nearby electrode. It is important
to note that, strictly speaking, there is not a single potential
on the external surface of a dendrite at a particular
distance from the soma because the dendrite is a cylinder.
It is actually the radial average of the external potential at
a particular distance from the soma which is called simply
the external potential. Thus, even if the dendrite causes
local distortions of the macroscopic electric field, the local
variations of the external potential on the surface of the
dendrite will probably average to give an external potential
not significantly different from that predicted by the bulk
conductor approximation.

Implications of the Model

If the dendritic tree has certain kinds of symmetry result-
ing in a constant value for the average external potential
(U(X) = constant), then the dendritic tree contributes
nothing to the polarization at the soma. This is because the
term V,(0) — U(0) in Eq. 50 is then equal to zero. The
soma polarization is contributed entirely by the axon, and
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its magnitude is a fraction 8 of the soma membrane for the
sealed-end axon problem.

The membrane potential at the soma was shown to be
given by a weighted average of the membrane potential for
the isolated dendritic tree (sealed at the soma end) and the
membrane potential for the isolated axon. The weights
depended on the relative magnitudes of the input imped-
ance for the dendritic tree and the axon.

The axon and dendritic tree may make antagonistic or
synergystic contributions to the net soma polarization,
depending on the orientation of the field with respect to
these neural elements. The analysis indicated that, if a
constant field is oriented along the length of the axon, and,
if the diameter of the axon is greater than or equal to that
of the dendritic trunk, the axon will contribute most to the
net polarization at the soma. The polarization contributed
by the axon is, of course, less if the axon is not oriented in
the direction of the field or if the axon bends away from the
field. A surprising result is that the first internodal
segment of the axon can contribute a great deal to net
polarization at the soma.

When a straight axon is subjected to a constant field, the
membrane polarization is greatest at the soma and falls off
exponentially with node number from the soma. In this
situation, the soma seems a likely site for action potential
initiation. In contrast, if the axon is bent, the polarization
can be focused at the bend. In this case, when large fields
are applied, the threshold for initiation of an action poten-
tial may be reached first at the bend. This “focusing”
effect may be compared with that noted by Hentall (1985)
who showed that axon terminals could experience maxi-
mum depolarization with focally applied (point source)
electric fields.

APPENDIX A

The Sealed-end Solution for Equivalent

Cylinders
The differential equation for the sealed-end potential is (Eq. 28)
1d*v - =
?ﬁ_’/:_u’ 0<X<L (Al)
with boundary conditions (Eq. 29)
dv
a=0, at X = Land X = 0. (A2)

A standard technique for solving this problem is to define ¢(X, X*) as the
solution to

1 d2% ,
?d_)(’_¢=_6(X_X) (A3)
with boundary conditions
d
a¢=0 atX =Land X =0, (Ad)
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where 8(X) is the Dirac delta function. Then (X) is given by

Ax) - [ ex, x) Ox) ax. (AS)
Eq. A3 is equivalent to the pair of equations
1 d%
?&F—‘b:O’ 0<X<X,X'<X<L (A6)
%[:—i’ X-x" ?1_; x-x'-] - (A7)
The solution to Eq. A6 is
¢(X,X') =Acosh(¢X) for 0<X<X’, (A8a)
and
(X, X')=Bcosh[g(X - L)] for X'<X<L. (A8b)

The constants 4 and B are determined from Eq. A7 and voltage
continuity at X = X' ¢(X'*, X') = ¢(X'~, X’). One finds that

cosh {g(X’ — L)]. (A9)

__4
sinh gL

and

cosh ¢gX'. (A10)

B =
sinh gL

Eqs. A8-A10 together with Eq. A5 give the sealed-end solution Eq. 37.

The Sealed-end Solution for the Axon

The difference equation for the sealed-end axon problem is Eq. 33

%{v(k — 1) = 20(k) + ok + 1)} — v(k) = —u(k)

fork=1,2,3,.... (All)
The sealed-end boundary condition at the soma is
(1) — 2(0) = 0. (Al12)

This problem can be solved by a superposition method. First, one formally
extends the axon symmetrically to form an infinite axon. Then the
external potentials at nodes 1, 2, 3, . . . are reflected about the point half
way between node zero and node 1. In this way w(0) = u(l);
u(—1) = u(2); u(—2) = u(3); etc. This ensures, by symmetry, that no
current will flow internally from node zero to node 1, or, equivalently, it
ensures that #(1) — #(0) = 0. The superposition method involves solving
the difference equation

Z
E{¢’(k — 1) =2¢ (k) + ¢k + D}

— ¢j(k) = — &;,

where §y; is the Kronecker delta function. The solution to the extended
axon problem can be expressed as

(A13)

@

velK) = 2 u(j) ¢y(k).

Jm—

(Al4)

The solution to Eq. A13 is
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R 1 ;
k)y=="—0on —|I:—1|D/7’ AlS
¢(k) Z 2sinh(D/v) (AL5)
where « is defined by the relation
D/ -pf R
AR R (A16)

Eq. Al4 together with Eq. Al5 gives the solution Eq. 39 for the
sealed-end axon problem.

Polarization of a Straight Axon in a
Constant Field

An expeditious way to solve the sealed-end axon problem for the case of a
spatially constant electric field is to solve directly for the membrane
potential rather than the internal potential. The difference equation for
the internal potential is Eq. All. For a spatially constant field and a
straight axon the external potential is of the form u(k) = u(0) + kg,
where p is the potential difference between two adjacent nodes. The
spatially constant field affords a great simplification of the problem be-
cause u(k — 1) — 2u(k) + u(k + 1) = 0. Therefore the membrane
potential w(k) = v(k) — u(k) satisfies the difference equation

Z w(k — 1) — 2w(k) + w(k + 1)} —w(k) = 0.

E{ (A1T)

A solution to Eq. A17 is w(k) = A e *P/", where v is defined by Eq. A16.
The constant 4 can be found by satisfying the sealed-end boundary
condition (1) — »(0) = 0, which implies that w(1) — w(0) = —g. This
relation gives A = u/(1 — e /7). Therefore, the solution for the
membrane potential is

walk) = va(k) — u(k) = ==z, (A1)

where we have added the subscript to emphasize that this is the
sealed-end solution.

To obtain the solution to the full problem (coupled axon and dendritic
trec), we note that Eq. 51 implies that

v(k) — u(k) = v, (k) — u(k)
+ a[V,.(0) — v, (0)]e /7. (A19)
Using Eq. A18 for v,.(k) — u(k) gives

o(k) — u(k) - - s

_we—“’h + a[l7,e(0) — U"(O)]C_kbh

= (—1 _';-o,, + a[V,(0) — v,,(O)]l e~ 21 (A20)

Because 1,,(0) —u(0) = u/(1 — e ?"),and 1 — & = B, and u(0) = U(O),
Eq. A20 can be rewritten as

v(k) — u(k)

= |a[l7.¢(0) - o] + ﬂ(ﬁ)}c‘“’”’. (A21)

This is the result given in Eq. 52.

Polarizations of a Neuron with a Y-shaped
Dendritic Tree

To compute the membrane potential at the soma we begin by computing
the sealed-end, soma membrane potential for the dendritic tree. Using Eq.
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37 we find that

q
sinh gL

Ve(0) = l “ cosh [g(x* — )] T(X) dX'.  (A22)

This integral can be broken up conveniently into two integrals

q

V.(0) =
«(0) sinh gL

L7 cosh [qx” - 1)) Tixy ax

+ ’4 “ cosh [q(X" — L)] Tix)dx’. (A23)

where X, is the branch point between the trunk and the two daughter
branches.

To evaluate the integral in Eq. 23 we must find the average external
potential T(X) for the two intervals 0 = X = X, and Xy = X =L The
component of the electric field along the trunk is E cos 8,. If we define the
external potential at the soma to be zero, for the sake of convenience, then
the external potential at position x along the trunk is given by u(x) =
u(0) — (E cos 0,)x. In terms of the dimensionless position variable, X =
X /Ao, the external potential is given by

UCOX) = UX) = U0) — (E) cos 8,)X,
for0= X = X, (A24)

The component of the electric field (Fig. 4) along the left-hand
daughter branch (indices 1, 0) is E cos (8, — 6,). The external potential
for this branch is given, in terms of the physical distance x, by u'%(x) =
1"(xo) — [E cos (6, — 0,)]{x — xo) , where x, is the physical distance
from the soma to the branch point, and x, = x = d. The external potential
can be written in terms of the dimensionless distance X by taking note that
X — X, = (x — x¢)/\ (for x values in the daughter branch). Therefore,

UM O(X) = UN(X,) — [EN, cos (8; —6,)](X — Xo),
forX,=X=L (A25)

A similar argument can be used for the right-hand branch (Fig. 4) which
has indices 1, 1. The component of the electric field along this branch is £
cos (8, + 8,). Therefore,

UD(X) = UMD (Xo) — [EX cos (8 + 0)](X — Xo)
forXo=X = L. (A26)

The average external potential for the first generation branches is given
by U(X) = [UY(X) + U"P(X)]/2, with the result that

U(x) = U(X,) — (EM, cos 8, cos 8,) (X — X,)
forXo=X=L (A27)

Now the integrand in Eq. A23 can be evaluated by using Eqs. A24 and
A27. The first integral in Eq. A23 can be evaluated to give

.[ *® cosh [q(X’ — L)) T(X") dX’

- fo"" cosh [q(X* — L)){T(0) — (E)g cos 8,) X} d X"

*o _ EXgcos 8,
= .[ cosh [g(X' — L)]U(©0)d X’ — —
. [Xo sinh [g(X, — L)] — cosh [‘I(qu - L)] + cosl; qL .

(A28)
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The second integral in Eq. A23 can be evaluated to give
L _
_/; cosh [¢(X’ — L)IU(X’)dX’

=fX°Lcosh (g’ = DIT(Xy)
— (EX, cos 8, cos 8,)(X’ — Xp)}dXx'

=j);Lcosh [q(X' — L) T(X,) dX’

EX\ cos 8, cos 8, |cosh [q(X, — L)] 1
q q q

- _L;Lcosh [g(X’ = L)D(0) — EX, cos 8, X,} dX’

EX cos 8, cos b, |cosh [q(Xy — L)] 1
q q q
- [ " cosh [q(x’ = 1)1 T(0) dx”

E) cos 0
+ EMocos o cinh (Ko - )]

3 EX; cos 8, cos 8, |[cosh[q(X, — L)] _l . (A29)
q q q

Eqgs. A28 and A29 together with Eq. A23 give

{cos 8,(cosh gL — cosh gL,)

V..(0) — T(0) = — E(%)

+ 27%(cos 8, cos 8,) [cosh gL, — 1]},

sinh gL
(A30)

where we have used the fact that A, = 2 "/*\g and the definition L, = L —
X, This is the result given in Eq. 61.

Axon with a Bend

Here we derive the solution for the membrane potential at the nodes of
Ranvier for a neuron whose axon is piecewise straight with one bend at the
Mth node of Ranvier. In this problem the field is spatially constant. Let us
begin by solving for the sealed-end potential for the axons. Because the
field is constant between node zero and node M, the sealed-end membrane
potential w,(k) = v, (k) — u(k) satisfies the difference Eq. A17 for
nodes 1, 2, 3,. .M — 1. Eq. A17 has two solutions ¢~*%/* and ¢**/*, Both
solutions are permissible because 0 = k < M, and there is no problem with
the positive exponential term approaching infinity. Therefore the mem-
brane potential for 0 < k < M can be expressed as a linear combination of
the two exponentials.
welk) = Ae~*P" ¢+ Ce*, forO0 =<k =M. (A31)
Because the field is also constant for kK =z M, the membrane potential for
this segment also has an exponential solution. This time the term with the
positive exponent must be discarded because the membrane potential
must remain finite as k — «. Therefore,
wo(k) = Be=k~MPlv  fork = M. (A32)
The constants A, B, and Cin Eqs. A31 and A32 can be found by satisfying
three conditions: First, we are looking for a sealed-end solution, so
ve(1) — v,.(0) = 0. This implies that w, (1) — w,(0) = u(0) — u(1). If
the component of the electric field along the first segment of the axon is
E,, then u(0) — u(1) = E, D, where D is the distance between nodes.
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Therefore, we have the boundary condition

we (1) — wo(0) = E, D. (A33)

Second, the solution must satisfy the condition of voltage continuity at
node M. This implies that w} (M) = w; (M), where the plus and minus
superscripts are used to denote the solutions for the regions k =z mand 0 =
k = m, respectively. Thus

Ae MOl 4 CeMPIY - B. (A34)

Third, the solution must satisfy the condition of current conservation at
node M

[u,xm ~1) - u,<m)]

R
Uu(m) - Uu(m + 1) wse(m)
- [ R - (A35a)
or
R
we(m — 1) — 2w, (m) + w, (m + 1) — Ew“(M)
= [u(m) — u(m —1)] + [u(m) — u(m + 1)] (A35b)
or
wu(m - 1) - 2W“(m) + wsc(m + l)
- g (m) = (E,, — E,)D, (A35c)

where E, is the component of the electric field oriented along the axon for
kz M.

One can now solve for the constants A, B, and C by solving Eqs. A33,
A34, and A35 simultaneously. The results are

D e—(MH)Dh

¢-- 1 —e 1 4 e (£, - E)
(Eo — E,)
_ —MD/ a 0.
A== | —e 2N Eu + e 1+ e 27 (A37)
D
B=-T"eon
E, - E
. [(1+T”/.:) [e7P/" + e7MP/7] 4 E,e”™PIvi. (A38)

Now that A4, B, and C have been determined the sealed-end solution can
be written explicitly. Eq. A31 with Eqs. A36 and A37 gives

(an - Ea,)
1 4+ e 2

D -MD/ —kD/
w”(k)=—l_-:F)F E,°+c v € v

E, - E
+ e-o/»,(l'iTD;;)c““”"’/”], forO=k =M (A39)

If the sealed-end membrane potential (Eq. A39) is evaluated at the
soma (k = 0), we obtain

D

W, (0) = v,,(0) — u(0) = — T—eoh

AE,, + e MV (E, — E,)}. (A40)
This is the result given in Eq. 63.
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The polarization at the nodes of Ranvier for the full neuron model can
be computed by using Eq. A39 with Eq. 51. In the following we will derive
only the solution for the soma (node zero) membrane potential for the
idealized neuron considered in the text. This neuron has a dendritic tree
consisting only of a single unbranched dendrite that is finite in length.
According to Eq. 50

2(0) — u(0) = a[V,(0) — U(0)] + Blv,(0) — u(0)].

Using the fact that 8 = 1 — « and the definition of a, Eq. A41 can be
rewritten as

(A41)

2(0) — u(0) = a{[¥,. (0) - T(0)]
+ (:2;) (lt;lT':qT) [0.(0) — 2(0)]}. (A42)
Eq. A42 with Eqs. A40 and 57 gives the desired result (Eq. 64)
o0 - u - - 2] e
+ m(g) (E., + ™ (E, — E)I}. (A43)

APPENDIX B

Axon with a Leaky Myelin Sheath

If the myelin sheath surrounding the axon is leaky to the extent that
current crossing the sheath is appreciable compared to the current
crossing the nodes of Ranvier, then the axon model presented in the text is
inadequate. If current does leak out of the axon in the internodal
segments, then each internodal segment is equivalent mathematically to a
dendrite.

The following approach is closely related to that of Andrietti and
Bernardini (1984). Let us define z,(x) as the internal potential in the
axon for the segment between nodes k and k + 1. This potential satisfies
the differential equation (Eq. 10), as in the case of the dendrite,

A d%y
?d_x:_Uk= —Uu. (Bl)
The term X in Eq. B1 is the DC space constant for an internodal segment
of the axon. Here as in the text, to obtain specific results, we will confine
our attention to the case of a spatially constant external electric field and
a straight axons. In this case u(x) = u(0) — Ex. Let us define w,(x) as
the membrane potential z,(x) — wu(x) for the kth axonal segment.
Because the second derivative of the linear function u(x) is equal to zero,
w,(x) satisfies

A dw
S—— - w = 0. (B2)
g dx

Eq. B12 has two exponential solutions e~*/* and %/, so the solution
can be written as a linear combination of these to give

Wi(x) = ay e IEHDN g Qalx-kDIA (B3)

The constants a; and 8, for each segment can be found by satisfying the
conditions of voltage continuity and current conservation at the nodes of
Ranvier.

One fairly expeditious way to proceed with this problem is to define m,
as the solution for the membrane potential at node k. If all the m,’s were
known this would determine the solution in the internodal region as well,
by the following argument. Let us define x, = kD as the position of node

k. Then the conditions that wy(x,) = m, and w,(x; + 1) = my + 1 give
two equations that allow us to determine a; and 8, namely

o + B =my (B4)
and
a, e 4 B, e —m, + 1. (B5)

Of course, the m,’s are not known a priori; our approach will be to derive a
difference equation for the m,’s. Solving Eqs. B4 and BS for o and 8,
gives

D/
me?® — my,,

Y T (B6)
and
mk+1 - m,‘e_"D/)‘
b= =gom —e-on - B

Substituting Eqs. B67 and B7 into Eq. B3 gives

1
—q(x—kD)/x
wilx) = (W) {me # = myp Jem e

+ [mk+l - my e—qb/'r] eq(x—kD)/k}. (BS)

Now the condition of current conservation at each node can be used to
give a difference equation for the m,’s as follows.

1]d d 1
7 [a o(x) on Ug-1(x) X_XJ -z wi(xy), (B9a)
which is equivalent to
r
— - —w, -1 == , (B9
dx wi(x) texs  dx Wy (x) wex  Z wi(x,), (B9b)

where r is the internal resistance per unit length of axon, and Z is the
impedance of a node of Ranvier. When Eq. B8 is substituted into Eq. B9b
the following difference equation results

A rA
My — my [(l + 2—2‘1) e + (l - Z—Zq) c“”/‘]

+m,,=0. (BlO)

Difference equations of the form of Eq. B10 have solutions of the form
m, = C s*. Substituting m, = Cs* into Eq. B10 gives a quadratic equation
for s whose two roots are

D I{rA D
s, = cosh (QT) + 3 (%‘;) sinh (QT)

/2
[cosh (%) + %(%) sinh (q_)?)]z - lll . (Bl11)

In Eq. B11 s_ is the proper choice of the two roots, because s_ < 1 and
s> 1.
If m, = Cs* is substituted in Eq. B8, the following solution results:

Cs*
wilX) = Z5R g

+

{[eqblx _ s] e~ 9(x—kD)/\

+ [s — e PP t=-kDIA) - (B12)

The constant Cin Eq. B12 is determined by the boundary condition at x =
0.
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In analogy with the approach used with the simpler axon problem in the
text, the axon solution for the coupled axon-dendritic tree problem can be
expressed as a linear combination of the current-injection solution and the
sealed-end solution. First, let us derive the sealed-end solution with the
external potential that results from the field E. The sealed-end boundary
condition,

d
— v (x) =0, (B13)
dx x=0
is equivalent to
d
— wg(x) =E. (B14)
dx x=0
Eq. B12 with boundary condition Eq. B14 gives
A [cqo/x _ e—qD/X]
C= _E(f_l) [e®h 5 oK _ 25] " (B15)

Thus, we have the following sealed-end solution (in which the subscript a
has been added to some parameters to emphasize that these parameters
are for the axon)

A 1
wi(x) = —E, (Z) (eq‘D/X. + e 1P _ 2_‘.)

. sk {[eq.D/A. _ s] e—q.(x—kD)/k.

+ [s — e"#PM] enx-kDIN)  (B1§)

The internal potential v¥(x) is given by
v (x) = wi(x) + u(x) = wi(x) + u(0) — Ex. (B17)

For the current-injection solution, where the external potential and
hence t..e field is zero for all x, we have boundary condition

d
— vg(x) =—1. (B18)
dx x=0
This is equivalent to
— wi(x) - -1 (B19)
dx x=0

Thus the current-injection solution w§(x) is of the same form as the
sealed-end solution wi(x) for the special case of constant field. The
current-injection solution can be obtained formally by setting £ = —1 in
Eq. B16 (stemming from Eq. B19) and setting u(0) = E = 0 in Eq. B17
(from the condition of zero external potential) to give

ci(x) A’ 1
U =\ g NP e g

. sk {[eq.D/x. _ s] e—q.(x—kn)/k.

+ [5 — e"HOM] Bk (B20)

As in the simpler axon problem considered in the text, the axon solution
for the full neuron can be expressed as
vi(x) = 0¥(x) + Bui(x). (B21)

The solution for the dendritic tree is expressed as a linear combination of
two solutions identical to those used in the simpler problem:

X) = V(X)) + AV (X). (B22)
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The constants 4 and B can be evaluated in the same manner used to
evaluate the corresponding constants for the simpler problem examined in
the text. For the problem considered here (again for nonleaky soma)

2 [7(0) - o8 (0)]

A
B- A , (B23)
ra\ 1 e@l/h _ o -aD/M
— +
rJ\g. /| enP™ 4 e~PM _ 25| " g, tanh g4L
and
A
A= _p (B24)
r

where the subscript d has been used to denote dendrite.

Eqs. B23, B21, B20, B16, and B17 determine the solution for the
internal potential in the leaky axon problem (provided that the sealed-end
solution for the dendritic tree is known).

As in the simpler problem, the soma membrane potential can be
expressed as a weighted average of the sealed-end membrane potentials
for the dendritic tree and the axon

0) — U(0) = v4(0) — u(0) = &'[¥,(0) — T(0)]

+ B'[v5(0) — u(0)]. (B25)

The definition of «' is

o = : (B26)

- rg. i e/ 4 e B0 _ 9
r\qaf \tanh g4 L e®PA _ -9\
andf' =1 — o',
It is interesting to note that the soma membrane potential for this
problem (leaky myelin sheath, constant field, straight axon) is identical in
form to that for the corresponding problem with a nonleaky myelin sheath

(Eq. 54). The only difference in that o in Eq. 54 is replaced with o/. To see
this rewrite Eq. B25 as

vo(0) — u(0)

= a"[V.e (0) - UO)] + (al - 1) [25(0) - u(0)]]- (B27)

Eqgs. B16, B26, and B27 give

v9(0) — u(0)

- a'[[Z(O) - T - [(:—) (m)f]] (829)

which is identical in form to Eq. 54. It can be shown that o' is an
increasing function of A, with all other parameters held fixed. Thus
introducing leakiness of the myelin sheath without changing any other
parameters will cause o to decrease from a to some other value.
Therefore, Eq. B28 implies that leakiness of the myelin sheath (with all
other things being equal) will attenuate the soma membrane potential but
not change its sign.

APPENDIX C

Neurons with Several Dendritic Trees

This problem is not much different than the problem with a single
dendritic tree. We introduce the index j for the dendritic tree, where j goes
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from 1 to N. The internal and external potentials are indexed by j, k, £,
where k and £ index the generation and branch as before. We treat each
tree separately just as we treated the single dendritic tree before. Let us
define P'/(x) as the average internal potential for the jth tree (corre-
sponding to ¥(x) for the single-tree problem). As in the single-tree
problem, we write P’(X) as the sum of a sealed-end solution and a
current-injection solution

VXY = VI (X) + 4, VY (X). (C1)
As in the single-tree problem, the internal potential at the kth node of
Ranvier in the axon can be written as

v(k) = v,(k) + Bug(k). (€2)

The constants 4, (j = 1,2,...,N) and B can be determined from the
conditions of voltage continuity and current conservation at the soma.
Voltage continuity gives

VP0) =v(0) forj=1,2,3,...,N. (C3)

Current conservation gives

(C4)

u(O)—u(l) N1 dpw
ZI’.(])A(I) dx

After some algebraic manipulations, Eqs. C3 and C4 lead to solutions
for B and 4;

g;tanh gq,L
Z ! W,,’ it P (0) - 0.(0)]
B = (CS)
) Z gjtanh ¢;L;
tTC e—Dh 2T IND

B
A; = g tanh ¢,L; {[2,.(0) — VZ(0)] + 10| (C6)

The internal potential at the soma, in analogy with Eq. 47 for the
single-tree problem, is

0(0) = >_ V¥ (0) + Bu,.(0), (CN
j=1
where
R q
(1 _ c—o/v)( m;\m) tanh gL,
R Yoq
1+ T kz_l: 7N tanh gL,
and
N
B=1-3 a. (C9)
j-1
APPENDIX D
Leaky Soma

In our neural model the soma has been approximated as a point with a
lumped impedance. In the steps following Eq. 44 of the text, we assumed
that the impedance of the soma was infinitely large. The approximation is
good if the soma impedance is large compared to the input impedance of
the dendritic tree and that of the axon. If we relax this constraint and

solve for A and B in Eq. 44, we find that

R (L qtan;qu)[V 0) — 0o (0)] - [V,e(Oé— U0}
B _ zmm‘ [ 4 soma
1 R RgtanhgL
T Z(1 =) T A (I =)
(D1)
— B
A = gtanh gL ([v,e(O) - V(0)] + l——e_D/" . (D2)

In this problem, as in the case of the nonleaky soma, the membrane
potential at the soma can be expressed as a linear combination of the
sealed-end membrane potentials for the axon and the dendritic tree.

v(0) — u(0) = &' [V (0) — U(0)] + B” [0, (0) — u(0)], (D3)
where
¥ ZomZ T 5::5: vy zgozpem OV
and
g - ZemZ22 7 (D3)

mezsi:.dcn + Zwmz’i:.u + Z::,u Zi:,den

In the leaky soma case, o’ + 8” = 1, and the equality holds only in the
limit Z,,p, — co.
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